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Abstract
A fractal analysis is presented for analyte-receptor binding kinetics for

different types of biosensor applications. Data taken from the literature may
be modeled using a single-fractal analysis, a single- and a dual-fractal analy-
sis, or a dual-fractal analysis. The latter two methods represent a change in
the binding mechanism as the reaction progresses on the surface. Predictive
relationships developed for the binding rate coefficient as a function of the
analyte concentration are of particular value since they provide a means by
which the binding rate coefficients may be manipulated. Relationships are
presented for the binding rate coefficients as a function of the fractal dimen-
sion Df or the degree of heterogeneity that exists on the surface. When analyte-
receptor binding is involved, an increase in the heterogeneity on the surface
(increase in Df) leads to an increase in the binding rate coefficient. It is sug-
gested that an increase in the degree of heterogeneity on the surface leads to
an increase in the turbulence on the surface owing to the irregularities on the
surface. This turbulence promotes mixing, minimizes diffusional limitations,
and leads subsequently to an increase in the binding rate coefficient. The
binding rate coefficient is rather sensitive to the degree of heterogeneity, Df,
that exists on the biosensor surface. For example, the order of dependence on
Df1 is 7.25 for the binding rate coefficient k1 for the binding of a Fab fragment
of an antiparaquat monoclonal antibody in solution to an antigen in the form
of a paraquat analog immobilized on a sensor surface. The predictive rela-
tionships presented for the binding rate coefficient and the fractal dimension
as a function of the analyte concentration in solution provide further physical
insights into the binding reactions on the surface, and should assist in
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enhancing biosensor performance. In general, the technique is applicable to
other reactions occurring on different types of surfaces, such as cell-surface
reactions.

Index Entries: Analyte-receptor binding; fractals; biosensors.

Introduction

Sensitive detection systems (or sensors) are required to distinguish a
wide range of substances. Sensors find application in the areas of biotech-
nology, physics, chemistry, medicine, aviation, oceanography, and envi-
ronmental control. These sensors or biosensors may be utilized to monitor
the analyte-receptor reactions in real time (1). The importance of providing
a better understanding of the mode of operation of biosensors to improve
their sensitivity, stability, and specificity has been emphasized (2). A par-
ticular advantage of this method is that no reactant labeling is required.
However, for the binding interaction to occur, one of the components has
to be bound or immobilized onto a solid surface. This often leads to mass-
transfer limitations and subsequent complexities. Nevertheless, the solid-
phase immunoassay technique represents a convenient method for the
separation and/or detection of reactants (e.g., antigen) in a solution since
the binding of antigen to an antibody-coated surface (or vice versa) is sensed
directly and rapidly. There is a need to characterize the reactions occurring
at the biosensor surface in the presence of diffusional limitations that are
inevitably present in these types of systems.

The details of the association of analyte (antibody or substrate) to a
receptor (antigen or enzyme) immobilized on a surface is of tremendous
significance for the development of immunodiagnostic devices as well as
for biosensors (3). In essence, the analysis to be presented is, in general,
applicable to ligand-receptor and analyte-receptorless systems for biosen-
sor and other applications (e.g., membrane-surface reactions). External
diffusional limitations play a role in the analysis of immunodiagnostic
assays (4–9). The influence of diffusion in such systems has been analyzed
to some extent (6,10–18). The influence of partial (19) and total (20–22) mass
transport limitations on analyte-receptor binding kinetics for biosensor
applications is available. The analysis presented for partial mass transport
limitation (19) is applicable to simple one-to-one association as well as cases
in which there is heterogeneity of the analyte or the ligand. This applies to
the different types of biosensors utilized for the detection of different
analytes.

Chiu and Christpoulos (23) emphasize that the strong and specific
interaction of two complementary nucleic acid strands is the basis of
hybridization assays. Syvanen et al. (24) have analyzed the hybridization
of nucleic acids by affinity-based hybrid collection. In their method, a probe
pair is allowed to form hybrids with the nucleic acid in solution. They
emphasize that their procedure is quantitative and has a detection limit of
0.67 attamoles. Bier et al. (25) have recently analyzed the reversible binding
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of DNA oligonucleotides in solution to immobilized DNA targets using a
grating coupler detector and surface plasmon resonance. These investiga-
tors emphasize that the major fields of interest for hybridization analysis
are clinical diagnostics and hygiene. The performance of these “genosensors”
will be significantly enhanced when more physical insights are obtained
for each of the procedures or steps that are involved in the entire assay.

An optical technique that has gained increasing importance in recent
years is the surface plasmon resonance (SPR) technique (26). This is particu-
larly so owing to the development and availability of the BIAcore (BIAcore
AB, Uppsala, Sweden) biosensor, which is based on the SPR method and
has found increasing industrial usage. Bowles et al. (27) have recently used
the BIAcore biosensor to analyze the binding kinetics of Fab fragments of
an antiparaquat antibody in solution to a paraquat analog (antigen)
covalently attached at a sensor surface. Schmitt et al. (28) have also uti-
lized a modified form of the BIAcore biosensor to analyze the binding of
thrombin in solution to antithrombin covalently attached to a sensor
surface. The performance of SPR and other biosensors will be enhanced
when more physical insights are obtained for each of these analytical
procedures.

Kopelman (29) indicates that surface diffusion-controlled reactions
that occur on clusters or islands are expected to exhibit anomalous and
fractal-like kinetics. These fractal kinetics exhibit anomalous reaction orders
and time-dependent rate (e.g., binding) coefficients. Fractals are disordered
systems with the disorder described by nonintegral dimensions (30).
Kopelman (29) further indicates that as long as surface irregularities show
scale invariance that is dilatational symmetry, they can be characterized by
a single number, the fractal dimension. The fractal dimension is a global
property and is insensitive to structural or morphological details (31).
Markel et al. (32) indicate that fractals are scale, self-similar mathematical
objects that possess nontrivial geometrical properties. Furthermore, these
investigators indicate that rough surfaces, disordered layers on surfaces,
and porous objects all possess fractal structure. A consequence of the fractal
nature is a power-law dependence of a correlation function (in our case
analyte-receptor complex on the surface) on a coordinate (e.g., time).

Antibodies are heterogeneous and their immobilization on a fiber-
optic surface, e.g., would exhibit some degree of heterogeneity. This is a
good example of a “disordered system,” and a fractal analysis is appropri-
ate for such systems. In addition, the antibody-antigen reaction on the
surface is a good example of a low-dimension reaction system in which the
distribution tends to be “less random” (29). A fractal analysis would pro-
vide novel physical insights into the diffusion-controlled reactions occur-
ring at the surface. Markel et al. (32) indicate that fractals are widespread
in nature. Dendrimers are a class of polymers with internal voids and pos-
sess unique properties. The stepwise buildup of six internal dendrimers
into a dendrimer exhibits typical fractal (self-similar) characteristics (33).
Fractal kinetics have been reported in biochemical reactions such as the
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gating of ion channels (34,35), enzyme reactions (36), and protein dynamics
(37). It has been emphasized that the nonintegral dimensions of the Hill
coefficient used to describe the allosteric effects of proteins and enzymes is
a direct consequence of the fractal property of proteins (36).

Strong fluctuations in fractals have not been taken into account (32).
For example, strongly fluctuating fields greatly enhance Raman scattering
from fractals. It would be of interest to determine a fractal dimension for
biosensor applications and to determine whether there is a change in the
fractal dimension as the binding reaction proceeds on the biosensor sur-
face, the final goal being how this affects the binding rate coefficient and
subsequently biosensor performance. Fractal aggregate scaling relation-
ships have been determined for both diffusion-limited and diffusion-lim-
ited scaling aggregation processes in spatial dimensions 2, 3, 4, and 5 (38).
Fractal dimension values for the kinetics of antigen-antibody binding
(39,40) and analyte-receptor (41) binding for fiber-optic biosensor systems
are available. In these studies the influence of the experimental parameters
such as analyte concentration on the fractal dimension and on the binding
rate coefficient (the “prefactor” in this case) were analyzed.

One would like to delineate the role of surface roughness on the speed
of response, specificity, stability, and sensitivity of fiber-optic and other
biosensors. An initial attempt has been made to relate the influence of
surface roughness (or fractal dimension) on the binding rate coefficient for
fiber-optic and other biosensors (42). High and fractional orders of depen-
dence of the binding rate coefficient on the fractal dimension were obtained.
We now extend these studies to more biosensor applications, including
those in which more than one fractal dimension is involved at the biosensor
surface—in other words, in which complex binding mechanisms, as well as
a change in the binding mechanism may be involved at the surface. Quan-
titative relationships for the binding rate coefficient as a function of the
fractal dimension are obtained for different biosensor applications. The
noninteger orders of dependence obtained for the binding rate coefficient
on the fractal dimension further reinforce the fractal nature of these analyte-
receptor binding systems.

Theory

An analysis of the binding kinetics of antigen in solution to antibody
immobilized on the biosensor surface is available (40). The influence of
lateral interactions on the surface and variable rate coefficients is also avail-
able (43). Here, we initially present a method of estimating actual fractal
dimension values for analyte-receptor binding systems utilized in fiber-
optic biosensors.

Variable Binding Rate Coefficient

Kopelman (29) has indicated that classical reaction kinetics is some-
times unsatisfactory when the reactants are spatially constrained on the
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microscopic level by walls, phase boundaries, or force fields. Such hetero-
geneous reactions, e.g., bioenzymatic reactions, that occur at interfaces of
different phases exhibit fractal orders for elementary reactions and rate
coefficients with temporal memories. In such reactions, the rate coefficient
exhibits a form given by

k1 = k't–b (1)

In general, k1 depends on time, whereas, k' = k1(t = 1) does not. Kopelman
(29) indicates that in three dimensions (homogeneous space), b = 0. This is
in agreement with the results obtained in classical kinetics. Also, with vig-
orous stirring, the system is made homogeneous and b again equals 0.
However, for diffusion-limited reactions occurring in fractal spaces, b > 0;
this yields a time-dependent rate coefficient.

The random fluctuations in a two-state process in ligand binding
kinetics has been analyzed (44). The stochastic approach can be used as a
means to explain the variable binding rate coefficient. The simplest way to
model these fluctuations is to assume that the binding rate coefficient k1(t)
is the sum of its deterministic value (invariant) and the fluctuation (z[t])
(44). This z(t) is a random function with a zero mean. The decreasing and
increasing binding rate coefficients can be assumed to exhibit an exponen-
tial form (45).

Sadana and Madagula (43) analyzed the influence of a decreasing and
an increasing binding rate coefficient on the antigen concentration when
the antibody is immobilized on the surface. These investigators noted that
for an increasing binding rate coefficient, after a brief time interval, as time
increases, the concentration of the antigen near the surface decreases, as
expected for the cases when lateral interactions are present or absent. The
diffusion-limited binding kinetics of antigen (or antibody or substrate) in
solution to antibody (or antigen or enzyme) immobilized on a biosensor
surface has been analyzed within a fractal framework (39,40). Furthermore,
experimental data presented for the binding of human immunodeficiency
virus (HIV) (antigen) to the antibody anti-HIV immobilized on a surface
show a characteristic ordered “disorder” (45). This indicates the possibility
of a fractal-like surface. It is obvious that the above biosensor system
(wherein either the antigen or the antibody is attached to the surface) along
with its different complexities, including heterogeneities on the surface
and in solution, diffusion-coupled reactions, and time-varying adsorption
or binding rate coefficients, can be characterized as a fractal system. The
diffusion of reactants toward fractal surfaces has been analyzed (46). Havlin
(47) has briefly reviewed and discussed these results.

Single-Fractal Analysis

Havlin (47) indicates that the diffusion of a particle (antibody [Ab])
from a homogeneous solution to a solid surface (e.g., antigen [Ag]-coated
surface) in which it reacts to form a product (antibody-antigen complex;
Ab · Ag) is given by
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t(3 – Df)/2 = tP t < tc

time, t, less than tc

t1/2 t > tc

time, t, greater than tc

Here Df is the fractal dimension of the surface. Equation 2a indicates that the
concentration of the product Ab · Ag(t) in a reaction Ab + Ag → Ab · Ag on
a solid fractal surface scales at short and intermediate scales as [Ab · Ag]
~ tp with the coefficient p = (3 – Df)/2 at short time scales, and p = 1/2 at
intermediate time scales. This equation is associated with the short-term
diffusional properties of a random walk on a fractal surface. Note that in a
perfectly stirred kinetics on a regular (nonfractal) structure (or surface),
k1 is a constant; that is, it is independent of time. In other words, the limit
of regular structures (or surfaces) and the absence of diffusion-limited
kinetics leads to k1 being independent of time. In all other situations, one
would expect a scaling behavior given by k1 ~ k't–b with –b = p < 0. Also, the
appearance of the coefficient p different from p = 0 is the consequence of two
different phenomena, i.e., the heterogeneity (fractality) of the surface and
the imperfect mixing (diffusion-limited) condition.

Havlin (47) indicates that the crossover value may be determined by
r c

 2 ~ tc. Above the characteristic length, rc, the self-similarity is lost. Above
tc, the surface may be considered homogeneous, since the self-similarity
property disappears, and “regular” diffusion is now present. For the
present analysis, tc is arbitrarily chosen. For the purpose of this analysis, we
assume that the value of tc is not reached. One may consider the analysis to
be presented as an intermediate “heuristic” approach in that in the future
one may also be able to develop an autonomous (and not time-dependent)
model of diffusion-controlled kinetics.
Dual-Fractal Analysis

The single-fractal analysis we have just presented is extended to
include two fractal dimensions. At present, the time (t = t1) at which the first
fractal dimension “changes” to the second fractal dimension is arbitrary
and empirical. For the most part, it is dictated by the data analyzed and the
experience gained by handling a single-fractal analysis. A smoother curve
is obtained in the “transition” region, if care is taken to select the correct
number of points for the two regions. In this case, the product (Ab · Ag)
concentration on the biosensor surface is given by:

t(3 – Df1
)/2 = tP1 t < t1

time, t, less than t1

t(3 – Df2
)/2 = tP2 t1 < t < t2 = tc

time, t, in the range
between t1 and t2

t1/2 t > tc

time, t, greater than tc

[analyte · receptor] α (2a)

[analyte · receptor] α (2b)
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Results

At the outset, it is appropriate to indicate that a fractal analysis will be
applied to data obtained for analyte-receptor binding data with different
types of biosensors. This is one possible explanation for analyzing the dif-
fusion-limited binding kinetics assumed to be present in all of the systems
analyzed. The parameters thus obtained would provide a useful compari-
son of different situations. Alternate expressions involving saturation, first-
order reaction, and no diffusion limitations are possible, but they are
apparently deficient in describing the heterogeneity that inherently exists
on the surface. The analyte-receptor binding reaction on the different types
of biosensors analyzed is a complex reaction, and the fractal analysis via the
fractal dimension and the binding rate coefficient provide a useful lumped
parameter(s) analysis of the diffusion-limited situation.

Schmitt et al. (28) recently analyzed the binding of thrombin in solu-
tion to antithrombin immobilized on a transducer surface using a BIAcore
biosensor. They utilized reflectometric interference spectroscopy as a trans-
ducer. The antibody group was immobilized on the transducer surface
with carboxymethyldextran (CMD) by diisopropylcarbodiimide (DIC)
activation. The experimental data were represented in optical thickness.
Schmitt et al. (28) indicated that an approx 1-nm change in optical thickness
was observed for 1 ng of protein bound/mm2 of transducer surface. Figure
1A shows the curves obtained using Eq. 2a for the binding of 1 µg/mL of
thrombin in solution to 2 mg of antithrombin immobilized on the trans-
ducer surface. A single-fractal analysis is sufficient to describe the binding
kinetics. The entire binding curve is utilized to obtain the fractal dimension
and the binding rate coefficient.

Table 1 shows the values of the binding rate coefficient k and the fractal
dimension Df. The values of the binding rate coefficient(s) and the fractal
dimension(s) presented in Table 1 were obtained from a regression analysis
using Sigmaplot (48) to model the experimental data using Eq. 2a, wherein
[analyte · receptor] = ktp. The k and Df values presented in Table 1 are within
95% confidence limits. For example, for the binding of 1 µg/mL of throm-
bin in solution to 2 mg of antithrombin immobilized on the transducer
surface shown in Fig. 1A, the value of k reported is 0.00072 ± 0.000069. The
95% confidence limits indicates that 95% of the k values will lie between
0.00065 and 0.00079. This indicates that the values are precise and signifi-
cant. The curves presented in the figures are theoretical curves.

Figure 1B,C shows the binding of 2.0 and 5.0 µg/mL of thrombin in
solution to antithrombin immobilized on a sensor surface, respectively.
In both of these cases, a single-fractal analysis is sufficient to describe
the binding kinetics adequately. The values of the binding rate coeffi-
cient and the fractal dimension are given in Table 1. Note that as the
thrombin concentration in solution is increased from 1 to 5 µg/mL, k
increases from a value of 0.00072 to 0.0048, and Df decreases from a value of
1.06 to 0.85.
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Fig. 1. Binding of different concentrations of thrombin in solution to 2 mg of
antithrombin immobilized on a transducer surface (28): (A) 1.0 µg/mL; (B) 2.0 µg/mL;
(C) 5.0 µg/mL.
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There is no nonselective adsorption of the thrombin. Our analysis, at
present, does not include this nonselective adsorption. We do recognize
that, in some cases, this may be a significant component of the adsorbed
material and that this rate of association, which is of a temporal nature,
would depend on surface availability. If we were to accommodate the non-
selective adsorption into the model, there would be an increase in the degree
of heterogeneity on the surface, since by its very nature nonspecific adsorp-
tion is more heterogeneous than specific adsorption. This would lead to
higher fractal dimension values since the fractal dimension is a direct
measure of the degree of heterogeneity that exists on the surface. Future
analysis of analyte-receptor binding data may include this aspect in the
analysis, which would be exacerbated by the presence of inherent external
diffusional limitations.

Furthermore, we do not present any independent proof or physical
evidence for the existence of fractals in the analysis of these analyte-recep-
tor binding systems except by indicating that it has been applied in other
areas and that it is a convenient means to make more quantitative the degree
of heterogeneity that exists on the surface. Thus, in all fairness, this is one
possible way by which to analyze this analyte-receptor binding data.
One might justifiably argue that appropriate modeling may be achieved by
using a Langmuirian or other approach. The Langmuirian approach has a
major drawback because it does not allow for or accommodate the hetero-
geneity that exists on the surface.

Table 1 indicates that k increases as the thrombin concentration in
solution increases. Figure 2A shows an increase in k with an increase in the
thrombin concentration in solution. Clearly, k varies with thrombin
concentration in a nonlinear fashion. In the thrombin concentration range
(1–5 µg/mL) analyzed, k is given by

k = (0.00094 ± 0.00072) [thrombin]1.14 ± 0.50 (3a)

Table 1
Influence of Thrombin Concentration in Solution on Binding Rate Coefficients

and Fractal Dimensions for Its Binding to Antithrombin Immobilized
on a Transducer Surface Using a BIAcore Biosensora

Thrombin Binding rate coefficient, k
concentration (nanometers of t–p), Fractal dimension,
in solutionb from Eq. 2ac Df

1.0   0.00072 ± 0.000069 1.06 ± 0.13
2.0 0.0033 ± 0.0007 1.16 ± 0.06
5.0 0.0048 ± 0.0004 0.85 ± 0.07

aReproduced with permission from ref. 28.
bGiven as (µg/mL)/2 mg antithrombin immobilized on transducer surface modified

with CMD by DIC activation.
cOne nanometer in optical thickness is approximately equal to 1 ng of protein bound/mm2

of transducer surface.
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There is scatter in the data, and this is clearly indicated in the error
estimates of the values of the exponent and the constant. More data points
are required to establish this equation more firmly. Nevertheless, Eq. 3a is
of value since it provides an indication of the change in k as the thrombin
concentration in solution changes.

Table 1 indicates that Df decreases as the thrombin concentration in
solution increases. Figure 2B shows the decrease in Df with an increase in
the thrombin concentration in solution. In the thrombin concentration range
(1–5 µg/mL) analyzed, the Df is given by

Df = (1.14 ± 0.19) [thrombin]–0.15 ± 0.13 (3b)

There is scatter in the data, and this is clearly indicated in the value of the
exponent. More data points would more firmly establish this relation.
Nevertheless, Eq. 3a is valuable because it provides an indication of the
change in Df as the thrombin concentration in solution changes. One may
wish to substitute Eq. 3b for thrombin concentration in terms of Df in Eq. 3a

Fig. 2. Influence of the thrombin concentration (micrograms/milliliter) in solution
on (A) the binding rate coefficient k; and (B) the fractal dimension Df.
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in order to obtain an expression for k in terms of Df. Since these are already
secondary equations in themselves, it is perhaps not appropriate to per-
form this substitution and obtain an expression for k in terms of Df. If one
were to do this, an order of dependence of k on Df of –9.32 would be obtained.

Su et al. (49) recently analyzed the hybridization kinetics of interfacial
RNA homopolymer using a thickness-shear mode acoustic wave biosen-
sor. These investigators indicate that the binding or hybridization mecha-
nism involves the diffusion of the RNA probe molecules in solution
followed by duplex formation at the surface. They attempted to analyze the
influence of temperature, buffer solutions, and blocking agents on the
hybridization kinetics.

Figure 3A shows the binding of RNA homopolymer in solution to
polycytidylic acid (5') (poly C) immobilized on an electrode surface. The
rough electrode surface was treated with Denhardt’s reagent (stock solu-
tion containing 10 g of Ficoll, 10 g of polyvinylpyrrolidone, and 10 g of
bovine serum albumin in 500 mL of water); this was run no. 2 carried out
at 24°C (see Table 2). A single fractal analysis is sufficient to describe the
binding kinetics adequately. A single-fractal analysis underestimates
the data at medium times and overestimates the data at longer times. Since
the error estimate for k was small compared to the value estimated (8.66 ±
0.59), a dual-fractal analysis was not utilized. This was the case for the Df
value as well. Surely, a dual-fractal analysis has more parameters and it
would provide a better fit. In addition, the data may fit a Langmuir iso-
therm. However, this Langmuir isotherm has a major drawback, in that it
cannot accommodate for the heterogeneity that exists on the surface.

Figure 3B shows the binding of RNA homopolymer in solution to poly
C immobilized on an electrode surface. In this case the rough electrode sur-
face was untreated; this was run no. 1. In this case, a dual-fractal analysis is
required to describe the binding kinetics adequately. Table 2 gives the values
of k and Df for a single-fractal analysis, and the binding rate coefficients k1 and
k2 and the fractal dimensions Df1 and Df2 for a dual-fractal analysis.

Figure 3C shows the binding of RNA homopolymer in solution to poly
C immobilized on an electrode surface. In this case the rough electrode
surface was treated with Denhardt’s reagent and ss salmon test DNA
together; this was run no. 3 carried out at 24°C (see Table 2). Once again, a
dual-fractal analysis is required to describe the binding kinetics adequately.
Interestingly, when one goes from a single- to a dual-fractal analysis to
describe the binding curves, an inherent change in the binding mechanism
takes place. For example, consider the curves presented in Fig. 3A–C.
Figure 3A requires a single-fractal analysis to describe the binding curve,
whereas in Fig. 3B,C a dual-fractal analysis is required to describe the bind-
ing curve.

Figure 3D shows the binding of RNA homopolymer in solution to poly
C immobilized on an electrode surface. In this case 5X SSC (NaCl and
sodium citrate) hybridization buffer solution was used; this was run no. 4
carried out at 24°C (see Table 2). A dual-fractal analysis is required to
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describe the binding kinetics adequately. Figure 3E shows the binding of
RNA homopolymer in solution to poly C immobilized on an electrode
surface. In this case the electrode surface was smooth; this was run no. 5
(see Table 2). Once again, a dual-fractal analysis is required to describe the
binding kinetics adequately.

It is of interest to compare the results presented in Fig. 3B and Fig. 3E,
in which a dual-fractal analysis was utilized to describe the binding kinet-
ics. Both electrode surfaces were untreated. In run no. 1 a rough electrode
surface was utilized, and in run no. 5 a smooth electrode surface was uti-
lized. One might anticipate that the fractal dimension in run no. 1 should

Fig. 3. RNA homopolymerization on an electrode-solution surface (49): (A) run no. 2;
(B) run no. 1; (C) run no. 3; (D) run no. 4; (E) run no. 5. (- - - -), Single-fractal analysis;
(——), dual-fractal analysis.



Analyte-Receptor Binding Kinetics 173

Applied Biochemistry and Biotechnology Vol. 81, 1999

be higher than that observed in run no. 5. This should be true at time, t, close
to zero, which correctly describes the nature of the surface, and which has
not been influenced by the reaction occurring at the surface. Table 2 indi-
cates that, as expected, the fractal dimension for run no. 1 (Df1 = 1.84) is
higher than that observed for run no. 5 (Df1 = 1.36). The second fractal
dimensions, Df2, obtained for runs no. 1 (=2.764) and no. 5 (2.762) are very
close to each other. In this case the surface has now been made complex
thanks to the reaction taking place on the surface. Besides, the maximum
value that the fractal dimension can have is 3. Thus, no comments are made
with regard to a comparison of the Df2 values observed.

Finally, on examining the values of Df1 and k1 obtained in Table 2, one
notes that an increase in the fractal dimension leads to an increase in the
binding rate coefficient k1. This can be seen in Fig. 4. For run nos. 1, 3, 4, and
5, in which a dual-fractal analysis is applicable, the binding rate coefficient
k1 is given by

Table 2
Influence of Different Conditions

on the Fractal Dimensions and Binding Rate Coefficients
for RNA Homopolymer Hybridization on an Electrode-Solution Interfacea

   Run
number k Df k1 k2 Df1 Df2

1     8.66 ± 0.59 2.27 ± 0.06 NA NA NA NA
2     9.87 ± 1.49 2.19 ± 0.13   2.99 ± 0.39 102.46 ± 1.63 1.84 ± 0.21 2.76 ± 0.05
3   62.34 ± 7.92 2.80 ± 0.07 11.19 ± 0.44 358.82 ± 5.52 2.32 ± 0.06   3.0 – 0.02
4 101.81 ± 11.28   3.0 – 0.07 18.04 ± 1.29 322.69 ± 5.76 2.58 ± 0.13   3.0 – 0.02
5     3.98 ± 0.89 2.03 ± 0.14   0.36 ± 0.03   87.54 ± 2.37 1.36 ± 0.13 2.76 ± 0.04

aReproduced with permission from ref. 49. NA, not applicable.

Fig. 4. Influence of the fractal dimension Df1 on the binding rate coefficient k1.
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k1 = (0.059 ± 0.010)Df1
6.17 ± 0.32 (4)

Bowles et al. (27) recently analyzed the binding of a Fab fragment of
an antiparaquat monoclonal antibody in solution and an immobilized
antigen in the form of a paraquat analog immobilized on a sensor surface.
One of the aims of their study was to develop a method to obtain kinetic
constants from data (sensorgrams) that exhibited other than first-order
behavior, or deviated from pseudo-first-order behavior. Figure 5A shows
the binding of a 4 µM Fab fragment of an antiparaquat antibody in solution
to an antigen (paraquat analog) immobilized on a sensor chip. A dual-
fractal analysis is required to adequately describe the binding kinetics
adequately (see Table 2). One might argue that the data in Fig. 5A appear to
follow a Langmuirian isotherm. As indicated previously, the Langmuirian
isotherm does not accommodate for the heterogeneity that exists on the
surface. The saturated response in Fig. 5A is represented in our analysis
with a fractal dimension of 2.87. This indicates a very high level of hetero-
geneity on the surface. This value of 2.87 is close to the maximum value
of 3.0.

Figure 5B shows the binding of a 1.25 µM Fab fragment of an
antiparaquat antibody in solution to paraquat (analog) sites immobilized
on a sensor chip. In this case too, a dual-fractal analysis is required to
describe the binding kinetics adequately (see Table 2). Figure 5C shows the
binding of a 10 µM Fab fragment of an antiparaquat antibody in solution to
paraquat (analog) sites immobilized on a sensor chip. Once again, a dual-
fractal analysis is required to describe the binding kinetics adequately
(see Table 2). Interestingly, an increase in the Fab fragment concentration
in solution by a factor of 8 from 1.25 to 10 µM leads to increases in k1 and k2
and in Df1 and Df2. For example, k1 increases by a factor of 11.85 from a value
of 650.4 to 7705.9.

For the three runs presented in Table 3, one notes that an increase in
the fractal dimension Df1 leads to an increase in the binding rate coefficient
k1. For these runs, k1 is given by

k1 = (13.15 ± 10.60)Df1
7.25 ± 1.65 (5)

Figure 6 shows that Eq. 5 fits the data reasonably well. There is some
deviation in the estimated value of the exponent in spite of the fact that the
fit is quite reasonable. Only three data points are available; more data points
would more firmly establish this relationship. The binding rate coefficient
is very sensitive to the degree of heterogeneity on the surface, as can be
noted by the very high value of the exponent. The fractional order of depen-
dence further reinforces the fractal nature of the system.

Note that an increase in the degree of heterogeneity on the surface
leads to an increase in the binding rate coefficient. One possible explanation
for this effect is that because of the rough surfaces, additional interactions
arise; for example, turbulent flow is generated by the protruding surfaces
and fluid is entrapped in small “holes” on the surface (50). This turbulence
would enhance the localized mixing, which would lead to a decrease in the
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Fig. 5. Binding of the Fab fragment of an antiparaquat antibody in solution to a
paraquat analog immobilized on a sensor chip (27): (A) 4 µM; (B) 1.25 µM; (C) 10 µM.
(- - - -), Single-fractal analysis; (——), dual-fractal analysis.
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diffusional limitations. This decrease in the diffusional limitations should
then lead to an increase in the binding rate coefficient. Other suitable or
more appropriate explanations to elucidate this effect are also possible.

Discussion

The fractal analysis of analyte-receptor binding kinetics we have pre-
sented provides examples of cases when a single-fractal analysis is appli-
cable, a single- as well as a dual-fractal analysis is applicable, and a
dual-fractal analysis is applicable. The fractal dimension Df provides a
quantitative measure of the degree of heterogeneity that exists on the sur-
face. Also, a change from a single- to a dual-fractal analysis or the applica-
bility of a dual-fractal analysis throughout a reaction indicates that there is
a change in the binding mechanism as the reaction proceeds on the biosen-
sor surface.

Predictive relationships developed for the binding rate coefficient as a
function of a reactant concentration are of particular value because they
provide an avenue through which one may manipulate the binding rate
coefficient. These relationships have been developed for all of the three cases
just mentioned. In each of these cases, the noninteger dependence of the
binding rate coefficient on the reactant (or analyte) concentration or on the
fractal dimension lends further support to the fractal nature of the system.

The fractal dimension is not a typical independent variable, such as
analyte concentration, that may be directly manipulated. It is estimated
from Eqs. 2a and 2b, and one may consider it as a “derived” variable. The

Fig. 6. Influence of the fractal dimension Df1 on the binding rate coefficient k1.
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predictive relationship developed for the binding rate coefficient as a func-
tion of the fractal dimension is of considerable value because it directly
links the binding rate coefficient to the degree of heterogeneity that exists
on the surface, and it provides a means by which the binding rate coefficient
may be manipulated by changing the degree of heterogeneity that exists on
the surface. The binding rate coefficient k1 is rather sensitive to Df1 or
the degree of heterogeneity that exists on the biosensor surface. This may
be noted by the high order of dependence (7.25). It is suggested that the
fractal surface (roughness) leads to turbulence, which enhances mixing,
decreases diffusional limitations, and leads to an increase in the binding rate
coefficient (50).

More studies are required to determine whether the binding rate
coefficient is sensitive to the fractal dimension or the degree of heterogene-
ity that exists on the biosensor surface. If this is indeed so, experimentalists
would be encouraged to pay more attention to the nature of the surface and
how it may be manipulated to control the relevant parameters and biosen-
sor performance in desired directions. Finally, in a more general sense, the
treatment should also be applicable to nonbiosensor applications wherein
further physical insights could be obtained.
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